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ABSTRACT. It is shown that there are exactly two graphs whose complement and 
line graph are isomorphic. 
The two graphs displayed in Figure 1 are the two smallest examples of 
non-comparability graphs: it is not possible to orient heir edges uch that 
the resulting digraph is a partial ordering of the vertex-set (cf. [1] and [2]). 
FIGURE 1 
They share another property, namely, that their line graph (interchange- 
graph) is isomorphic to the complementary graph. We wish to prove the 
converse statement, hat these are the only graphs enjoying this property. 
NOTATION. Let G be a graph, then L(G) denotes the line graph of G, 
G the complement, p(G) the number of points, e(G) the number of edges, 
and C~ the cycle of length p. 
THEOREM. There are only two graphs G with L(G) ~ G. 
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PROOF: Suppose G consists of k components, then clearly L(G) also 
consists o fk  components, but G of only one for k ~ 1; hence we must have 
k = 1, i.e., G is connected. The number of independent cycles in G is 
e(G) --p(G) -F 1, and since 
e(G)=p(L (G) )=p(G)=p(G)  
we conclude that there exists exactly one cycle, call it C. Thus G consists of 
C and possible trees emanating from C. (There can, of course, be no 
chords in C, since this would result in more than one cycle.) 
Assume first there are no trees attached to C = C~. Since L(C~,)~ C~, 
we have e(L(G)) -~ p. This together with 
p(p  - 3) e(a) [p\ ~- ~-2) - -P -- 2 
yields p = 5; thus G ---- C5 is the only possible graph in this case. 
Now let us assume there is at least one tree attached to C. We note that 
G contains at least as many points of degree 1 as there are trees emanating 
from C, or equivalently that G contains at least as many points of degree 
n --  2, where n = p(G). 
(1) Suppose C ---- C~ with p ~ 5. Then any edge of C~ is not adjacent 
to at least two edges in C~, and also no edge outside C~ can be adjacent 
to more than n -- 3 edges; thus there is no point in L(G) of degree n -- 2. 
(2) C = (?4. An arbitrary edge outside of C4 has degree at most n -- 3 
in L(G); hence all the edges with degree n -- 2 must lie in C4 9 Let a be such 
an edge. Since a is not adjacent o its opposite edge in (74, all edges not 
in C4 must be incident to one of the end-points of a. I f  edges emanate 
from both end-points, we would need at least two points in L(G) of 
degree n -  2, which is impossible. Hence all edges not in Ca must be 
incident o the same point of C4 9 That point therefore has degree 1 in G 
(it is only adjacent o the opposite point in C4), but no point in L(G) has 
degree 1. 
(3) C = C3. We first show there is no point at distance 2 from C. 
Suppose on the contrary u is such a point and suppose [u, v, w] is a path 
of length 2 from u to C3 with w a point of (?3. The two points of (73 
other than w together with u and v then clearly induce a (74 in G. Hence 
there exists a full subgraph in L(G)isomorphic to (?4 which in turn entails 
the existence of a (74 in G, a contradiction. 
Any tree emanating from a point of C therefore just consists of a 
collection of pendant edges attached to C. Now, since any edge of C 
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can have degree at most n - -  2 in L(G), there must be a tree emanating 
from every point of  C. This finally implies that all three edges of  C have 
degree exactly n - -  2 (no edge outside C has degree greater than n - -  3), 
and the second graph of  Figure l results. 
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